Abstract. The fuzzification of /c-ideals (also r-ideals) of inclines is considered, and then we prove the notion of fuzzy ideal and fuzzy fc-ideal coincide, and we investigate some properties on fuzzy r-ideals. Using level subsets of an incline with respect to a fuzzy subset A of inclines, we construct the fuzzy r-ideal containing A.
Introduction
In the 1800's mathematicians discovered that propositional logic could be represented by a new structure called Boolean algebra in which 0 + 0 = 0, 1 + 0 = 0 + 1 = 1 but 1 + 1 = 1, where 1 is true and 0 is false. This representation can be extended from propositions like p and (q or r) to the more intricate logic of binary relations by taking matrices over the Boolean algebra. In the 1960's this was extended to a kind of multivalued logic called fuzzy sets. Boolean algebra and the theory of fuzzy sets are two examples of a general structure called incline, which is a type of ordered algebraic structure introduced by Cao and studied in detail by Cao, Kim and Roush [2] in their book, Incline Algebra and Applications. Inclines are a generalization of a Boolean algebra or fuzzy algebra consisting of a semiring satisfying additive idempotence and the incline axiom xy + x = x, xy + y = y. The ideals in a ring or semigroup form an incline, as do the topologizing filters in a ring. Inclines can be used to represent automata and other mathematical systems, in optimization theory, to study inequalities for nonnegative matrices and matrices of polynomials [5] . Incline theory is based on semiring theory and lattice theory. Inclines and fuzzy theory in inclines were studied by some authors (see [1, 3, 4] ). In this paper, we discuss the fuzzification of fc-ideals (also r-ideals) of incline algebras. We prove the notion of fuzzy ideal and fuzzy fc-ideal coincide, and we investigate some properties on fuzzy r-ideals.
Using an r-ideal, we establish a new r-ideal, and then we consider its fuzzification. Concerning homomorphism of inclines, we study the homomorphic image/preimage of fuzzy r-ideals. Using level subsets of a given fuzzy subset A of inclines, we construct the fuzzy r-ideal containing A.
Preliminaries
By an incline (incline algebra) we shall mean a set K endowed with two associative binary operations called addition and multiplication (denoted by "+" and "•", respectively) satisfying the following conditions:
• addition is commutative and idempotent: x + y = y + x and x + x = x for all x,y 6 K.
• multiplication distributes over addition from the right and left:
• the incline property holds: x+x-y = x and y+x-y = y for all x, y € K.
For the sake of convenience the multiplication "•" will be denoted by juxtaposition, and let K. = (K, +, •) denote an incline unless otherwise specified. Note that any incline is partially ordered by the relation x ^ y if and only if 
in [3]). A fuzzy subset A € is a fuzzy subincline/ideal of K if and only if the level subset A t :={xeK\ A{x) >t}, tel is a subincline/ideal of K. when it is nonempty.
We first consider the fuzzification of fc-ideals in incline algebras. 
COROLLARY 3.6. A fuzzy subset A G I*" is a fuzzy k-ideal of IC if and only if the level subset A t := {x G K | A(x) tel is a k-ideal of K. when it is nonempty.
Proof. It follows from Lemmas 3.2 and 3.5, and Theorem 3.4.
• <0>, (1), (2), (3).
Define addition and multiplication on JC := {(0), (1), (2), (3)} as follows:
Then (/C, +, •) is an incline algebra. Define a fuzzy subset A € I* 1 by (3)). By routine calculations, we know that A is a fuzzy left/right r-ideal of JC. 
A(x + y) A A(xy) > t = A(x) A A(y).
Hence A is a fuzzy subincline of K. Let x, y e K be such that x ^ y. If y satisfies the identity a(ay) = 0 for all a e M, then
= a(ay) = a(a(x + y)) = a(ax + ay) = a(ax) + o(oy) = a(ax) + = a(ax).

Hence A(x) = A(y). If y does not satisfy the identity a(ay) = 0, then A(y) = t < A(x). Hence A is a fuzzy ideal of K. For any x, y € K, if x satisfies the identity a(ax) = 0 for all a G M, then a(a(xy)) = a((ax)y) = a(ax))y = Oy = 0. Hence A(xy) -s = A(x). Otherwise, it is clear that A(xy) ^ t = A(x).
Therefore A is a fuzzy right r--ideal of K.
• 
^ t otherwise for all s,t (E / with s > t is a fuzzy r-ideal of K,.
Proof. The proof is straightforward.
•
THEOREM 3.15. Every homomorphic preimage of a fuzzy r-ideal is a fuzzy r-ideal.
Proof. Let / : K -• C be a homomorphism of inclines and let B be a fuzzy r-ideal of C. For every x,y 6 K, we have
f-HBKx + y) A f~1(B)(xy) = B(f(x + y)) A B(f(xy)) = B(f(x) + f(y))AB(f(x)f(y)) >B(f(x))AB(f(y)) = f-l (B)(x)Af-i (B)(y).
Hence f~l(B) is a fuzzy subincline of K,. Let x, y € K be such that x < y.
Then x + y = y, and so f(y) = f(x + y) = f(x) + f(y), that is, f(x) ^ f(y).
Since B is a fuzzy ideal of £, it follows that
f-HBKx) = B(f(x)) > B(f(y)) = f-\B){y).
Hence f~l(B) is order reversing. Finally, for any x, y E IC we get
f-\B){xy) = B(f(xy)) = B(f(x)f(y)) > B(f(y)) = f-^B^y).
Similarly, f~1(B)(xy) ^ f~1(B)(x).
Therefore is a iuzz Y r-ideal of K. m 
xy = f(u)f(v) = f(uv) € f(M) and yx = f{v)f(u) = f(vu) € f(M).
Therefore f(M) is a left (resp. right) r-ideal of C. • 
, which implies that there exists XQ G A t -S such that f{xo) = y. It follows that ~^t -S and so XQ G f~1(y) so that
Hence y G f(A)t, and the proof is complete.
• n Since n is arbitrary, it follows that s < A*(x) so that x G A*. Hence A* = n" eN (A, n ), which is an r-ideal of K. Using Theorem 3.10, we know that A* is a fuzzy r-ideal of K. We now prove that A* contains A. For any 
It follows that
A(x) = sup{í G I | x G At} < sup{í G I | x G (A t )} = A*(x),
